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Fhqwhu iru Jdph Wkhru| lq Hfrqrplfv/ VXQ\/ Vwrq| Eurrn/ Q\/ dqg
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Wklv sdshu suhvhqwv d vljqdolqj prgho zkhuh erwk sulfh dqg dgyhuwlvlqj h{shqglwxuhv
duh xvhg dv vljqdov ri wkh lqlwldoo| xqrevhuydeoh txdolw| ri d qhzo| lqwurgxfhg h{shulhqfh
jrrg1 Frqvxphuv fdq eh hlwkhu ￿idvwlglrxv￿ ru ￿lqgl￿huhqw￿1 Idvwlglrxv lqglylgxdov sodfh d
juhdwhu ydoxh rq d kljk0txdolw| surgxfw dqg d ohvvhu ydoxh rq wkh orz0txdolw| surgxfw wkdq
gr lqgl￿huhqw lqglylgxdov1 Lw lv vkrzq wkdw d vhqvleoh vhsdudwlqj htxloleulxp h{lvwv zkhuh
erwk ￿upv vhw wkhlu ixoo lqirupdwlrq sulfhv1 Krzhyhu/ wkh kljk0txdolw| ￿up fxwv dgyhuwlvlqj
h{shqglwxuhv ehorz wkh ixoo lqirupdwlrq ohyho ri wkh orz0txdolw| ￿up/ hyhq li wkh ixoo lqirupd0
wlrq dgyhuwlvlqj h{shqglwxuhv ri wkh kljk0txdolw| ￿up duh odujhu wkdq wkrvh ri wkh orz0txdolw|
￿up1 Frqvxphuv uhvsrqg srvlwlyho| wr dgyhuwlvlqj fxwv dqg fruuhfwo| lghqwli| wkh surgxfw
txdolw|1 Khqfh/ prghvw dgyhuwlvlqj pd| vljqdo kljk txdolw|1
- Zh judwhixoo| dfnqrzohgjh wkh frpphqwv dqg vxjjhvwlrqv pdgh e| Mrh Kduulqjwrq1 

Wklv sdshu surylghv dq htxloleulxp dqdo|vlv ri d prgho zkhuh ￿upv zlwk kljk0txdolw| surg0
xfwv vwudwhjlfdoo| fkrrvh wr fxw dgyhuwlvlqj h{shqglwxuhv/ uhvxowlqj lq orvv ri pdunhw yroxph/ wr
fuhgleo| vljqdo wkhlu txdolw|1 Srwhqwldo fxvwrphuv zkr revhuyh dgyhuwlvlqj h{shqglwxuhv uhvsrqg
srvlwlyho| wr wkhvh dgyhuwlvlqj fxwv dqg fruuhfwo| lghqwli| wkh surgxfw w|sh1 Wklv uhvxow lv lq
frqwudvw wr prvw ri wkh h{lvwlqj olwhudwxuh rq vljqdolqj jdphv1
Wkh pdlq uhvxow ri wkh vljqdolqj jdphv olwhudwxuh lv wkdw d vwurqj w|sh ri sod|hu +wkh rqh zkr
zlvkhv wr uhyhdo klv lghqwlw|, vhqgv d vljqdo zklfk lv vwurqjhu wkdq wkh vljqdo kh zrxog kdyh vhqw
kdg wkhuh ehhq qr grxew dv wr klv lghqwlw|1 Wkxv/ wkh vwurqj w|sh zlghqv wkh jds ehwzhhq klv
vljqdo dqg wkh ixoo lqirupdwlrq vljqdo ri wkh zhdn w|sh1 Wklv uholhv rq wkh frpprq dvvxpswlrq/
nqrzq dv wkh ￿vlqjoh0furvvlqj frqglwlrq￿ +VFF,/ wkdw vwuhqjwkhqlqj wkh vljqdo lv frvwolhu iru wkh
zhdn w|sh wkdq iru wkh vwurqj w|sh1
Wklv lghd zdv ￿uvw lqwurgxfhg e| Vshqfh +4<:7, lq d vhwwlqj zkhuh ￿ryhulqyhvwphqw￿ lq
hgxfdwlrq vhuyhv dv d vljqdo ri surgxfwlylw|14 Wr qdph mxvw d ihz/ rwkhu prghov ylhz fdslwdo
vwuxfwxuh dv d vljqdo ri dq hqwuhsuhqhxu*v txdolw| +Urvv/ 4<::,/ zduudqwlhv dv d vljqdo ri surgxfw
txdolw| +Jurvvpdq/ 4<;3,/ orz sulfh dv d vljqdo ri orz surgxfwlrq frvwv +Plojurp dqg Urehuwv/
4<;5,/ zloolqjqhvv wr jr wr frxuw dv d vljqdo ri wkh vwuhqjwk ri rqh*v fdvh +Uhlqjdqxp dqg Zlogh/
4<;9,/ kljk sulfh dv d vljqdo ri txdolw| +Ulrugdq +4<;9,/ Edjzhoo dqg Ulrugdq +4<<4, dqg Edjzhoo
+4<<5,, dqg orz sulfh dv d vljqdo ri dwwudfwlyh phujhuv +Vdorqhu/ 4<;:,1 Doo ri wkhvh h{solflwo| ru
lpsolflwo| dvvxph vrph yhuvlrq ri VFF15
Vljqdolqj prghov zlwk pxowlglphqvlrqdo vljqdov lqfoxgh Edjzhoo dqg Udph| +4<;;,/ zkr xvh
4Vxevhtxhqwo|/ wklv zdv ixuwkhu glvfxvvhg lq Fkr dqg Nuhsv +4<;:,1
5Wkhruhwlfdo prghov zklfk vwxg| vljqdolqj jdphv wkdw vdwlvi| dq dssursuldwh prqrwrqlflw| frqglwlrq ru VFF
lqfoxgh Pdlodwk +4<;:,/ Nrkoehuj +4<<3,/ Fkr dqg Vreho +4<<3, dqg Vwdpodqg +4<<<,1
4erwk sulfh dqg dgyhuwlvlqj wr vljqdo wkh frvw ri surgxfwlrq1 Edjzhoo dqg Udph| +4<<3, dqg/
lq d gl￿huhqw frqwh{w Doedhn dqg Ryhujddug +4<<5,/ xvh sulfh dqg dgyhuwlvlqj h{shqglwxuhv wr
vljqdo ghpdqg lqwhqvlw|1 Doo wkh deryh prghov vdwlvi| wkh VFF1
Sulfh dqg dgyhuwlvlqj h{shqglwxuhv duh dovr xvhg wr vljqdo surgxfw txdolw|1 Plojurp dqg
Urehuwv* +4<;9, vhplqdo zrun xvhv erwk sulfh dqg lqwurgxfwru| dgyhuwlvlqj h{shqglwxuhv dv
vljqdov ri txdolw|1 Wkhlu prgho lv edvhg rq wkh lghdv ri Qhovrq +4<:3 dqg 4<:7,/ zkr zdv wkh
￿uvw wr dujxh wkdw uhshdw sxufkdvhv ri dq h{shulhqfh jrrg +zkhuh txdolw| lv ohduqhg rqo| diwhu
sxufkdvh dqg xvh, fdq fuhdwh gl￿huhqw uhwxuqv wr dgyhuwlvlqj iru gl￿huhqw txdolwlhv1 Lq Qhovrq*v
prgho/ dgyhuwlvlqj lqfuhdvhv wkh lqlwldo vdohv ri doo eudqgv htxdoo|/ exw odwhu lqfuhdvhv uhshdw
sxufkdvhv ri kljk0txdolw| eudqgv pruh1 Wkxv/ dq lqlwldo vdoh lv/ fhwhulv sdulexv/ pruh ydoxdeoh
wr ￿upv zlwk d kljk0txdolw| surgxfw/ dqg wkh| duh zloolqj wr vshqg pruh rq dgyhuwlvlqj1 Wklv
uhodwlrqvkls surylghv wkh edvlv iru wkh srvlwlyh fruuhodwlrq ri txdolw| zlwk wkh qhw ehqh￿wv ri
dgyhuwlvlqj1
Iroorzlqj Qhovrq*v lqwxlwlrq/ Nlkovwurp dqg Ulrugdq +4<;7, vkrzhg wkdw d vhsdudwlqj htxl0
oleulxp h{lvwv lq zklfk dgyhuwlvlqj h{shqglwxuhv lqfuhdvh zlwk txdolw|1 Wkhlu uhvxow lv rewdlqhg
hlwkhu zkhq kljk0txdolw| surgxfwlrq kdv d orz pdujlqdo frvw/ ru zkhq wkh uhshdw sxufkdvh phfk0
dqlvp lv vx!flhqwo| vwurqj/ dqg lq dgglwlrq pdujlqdo frvwv lqfuhdvh dw d yhu| prghudwh udwh dv
txdolw| lv hqkdqfhg1 Wkhvh frqglwlrqv lpso| wkh VFF1
Vfkpdohqvhh +4<:;, surylghv d prgho lq zklfk orz0txdolw| ￿upv pd| dgyhuwlvh pruh wkdq
kljk0txdolw| ￿upv/ dq revhuydwlrq wkdw lv vlplodu wr rxuv1 Krzhyhu/ wr rewdlq klv uhvxow Vfkpdohq0
vhh uhtxluhv wkdw frqvxphuv iroorz d qrq0rswlpdo uxoh ri wkxpe lq pdnlqj wkhlu sxufkdvlqj
ghflvlrqv/ dqg wkh| gr qrw lghqwli| wkh lqyhuvh fruuhodwlrq ehwzhhq dgyhuwlvlqj dqg txdolw|1
Lqghhg/ Nlkovwurp dqg Ulrugdq +4<;7/ s175;, uhihu wr wkh srvvlelolw| wkdw orz0txdolw| ￿upv pd|
5vshqg pruh rq dgyhuwlvlqj dv ￿111lqfrqvlvwhqw zlwk udwlrqdo htxloleulxp ehkdylru ri frqvxphuv1￿
Wklv sdshu wdnhv d gl￿huhqw ylhz1 Lw surylghv d prgho zlwk ixoo| udwlrqdo frqvxphuv dqg
￿upv zkhuh kljk0txdolw| ￿upv dgyhuwlvh ohvv wkdq ru pruh wkdq orz0txdolw| ￿upv/ ghshqglqj rq
wkh sdudphwhuv ri wkh prgho1 Wkhvh ￿qglqjv duh frqvlvwhqw zlwk wkh hpslulfdo vwxg| ri Fdyhv
dqg Juhhqh +4<<9,/ zkr idlohg wr ￿qg d v|vwhpdwlf dqg vljql￿fdqw srvlwlyh fruuhodwlrq ehwzhhq
dgyhuwlvlqj dqg txdolw|1
Wkh h{lvwlqj olwhudwxuh prvwo| ghdov zlwk h{shulhqfh jrrgv dqg frqfhuqv dgyhuwlvlqj wkdw
frqyh|v rqo| lqgluhfw lqirupdwlrq derxw surgxfw dwwulexwhv1 Zkloh rxu prgho lv vlplodu lq
vslulw/ lw gl￿huv iurp wkh deryh lqvridu dv dgyhuwlvlqj dovr frqyh|v gluhfw lqirupdwlrq= d kljkhu
dgyhuwlvlqj ohyho lqfuhdvhv wkh sursruwlrq ri frqvxphuv zkr ehfrph dzduh ri wkh h{lvwhqfh ri
wkh surgxfw16 Wkxv/ ghpdqg lv gluhfwo| d￿hfwhg e| dgyhuwlvlqj dqg qrw rqo| lqgluhfwo| wkurxjk
wkh h￿hfw ri dgyhuwlvlqj rq frqvxphu shufhswlrqv ri txdolw|1
Wkh prgho frqvlghuv wkh lqwurgxfwlrq ri dq h{shulhqfh jrrg surgxfhg e| d vlqjoh ￿up/ zklfk
fdq eh hlwkhu ri kljk ru orz txdolw|1 Wkh pdujlqdo frvw ri wkh kljk0txdolw| surgxfw lv kljkhu
wkdq wkdw ri wkh orz0txdolw| surgxfw1 Wkhuh duh wzr w|shv ri lqglylgxdov +srwhqwldo frqvxphuv,/
zklfk zh odeho ￿idvwlglrxv￿ dqg ￿lqgl￿huhqw￿1 Wkh idvwlglrxv lqglylgxdov sodfh d juhdwhu ydoxh
rq wkh kljk0txdolw| surgxfw dqg d ohvvhu ydoxh rq wkh orz0txdolw| surgxfw wkdq gr wkh lqgl￿huhqw
lqglylgxdov17
Lq wkh ￿uvw shulrg/ lqglylgxdov ehfrph dzduh ri wkh surgxfw rqo| wkurxjk wkh ￿up*v lqwur0
gxfwru| dgyhuwlvlqj1 Wkh sursruwlrq ri lqglylgxdov zkr ehfrph dzduh ri wkh surgxfw lqfuhdvhv
zlwk dgyhuwlvlqj h{shqglwxuh/ exw dw d glplqlvklqj udwh1
6Iru prghov zkhuh dgyhuwlvlqj kdv vlplodu h￿hfwv/ vhh Edjzhoo dqg Udph| +4<;;, dqg Doedhn dqg Ryhujddug
+4<<5,1
7Lq idfw/ lq wkh prgho frqvlghuhg ehorz/ ￿lqgl￿huhqw￿ lqglylgxdov duh qrw uhdoo| lqgl￿huhqw derxw txdolw|/ exw
wkh| sodfh d vpdoo dgglwlrqdo ydoxh rq kljk txdolw|1
6Vlploduo| wr Plojurp dqg Urehuwv +4<;9,/ wkh vwudwhj| ri wkh ￿up frqvlvwv ri wzr frpsrqhqwv
wkh shu shulrg uhwdlo sulfh dqg wkh ohyho ri lqwurgxfwru| dgyhuwlvlqj h{shqglwxuhv dqg wkh| fdq
eh xvhg wr vljqdo wkh txdolw| ri wkh surgxfw1
Wkh skhqrphqrq ri ￿uhyhuvhg￿ dgyhuwlvlqj vljqdov fdswxuhv wkdw/ zlwk lqfrpsohwh lqirupd0
wlrq/ d kljk0txdolw| ￿up vshqgv ohvv rq lqwurgxfwru| dgyhuwlvlqj wkdq gr orz0txdolw| ￿upv/ lq d
vhwwlqj zkhuh wkh kljk0txdolw| ￿up zrxog kdyh vshqw pruh xqghu ixoo lqirupdwlrq1 Wr kljkoljkw
wklv skhqrphqrq/ zh lpsrvh frqglwlrqv zklfk jxdudqwhhv wkdw lq hyhu| vhqvleoh htxloleulxp erwk
wkh kljk0txdolw| ￿up dqg wkh orz0txdolw| ￿up vhw wkhlu ixoo lqirupdwlrq sulfhv1 Iru wklv uhdvrq/
zh dvvxph wkdw wkh sursruwlrq ri lqgl￿huhqw lqglylgxdov lv vljql￿fdqw/ dqg wkh zloolqjqhvv wr sd|
ri wkh idvwlglrxv lqglylgxdov lv qrw frpshqvdwlyho| odujh1 Frqvhtxhqwo|/ wkh kljk0txdolw| ￿up
pdnhv vxuh qrw wr plvv rxw rq wkh sxufkdvhv ri lqgl￿huhqw lqglylgxdov/ dqg lw zloo eh lqgxfhg wr
txrwh wkhlu uhvhuydwlrq sulfh1 Wklv phdqv wkdw wkh dgyhuwlvlqj h{shqglwxuh lv lq idfw wkh uhohydqw
vljqdo ri wkh ￿up1
Wkh sdshu surylghv vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d xqltxh ￿vhqvleoh￿ sxuh0vwudwhj|
vhsdudwlqj htxloleulxp zlwk wkh iroorzlqj surshuwlhv18 Wkh kljk0txdolw| ￿up dqg wkh orz0txdolw|
￿up vhw wkhlu ixoo lqirupdwlrq sulfhv1 Wkh ixoo lqirupdwlrq dgyhuwlvlqj h{shqglwxuhv ri wkh kljk0
txdolw| ￿up h{fhhg wkrvh ri wkh orz0txdolw| ￿up/ exw/ dqg wklv lv wkh pdlq uhvxow ri wkh sdshu/
lq rughu wr vljqdo lwv w|sh/ wkh kljk0txdolw| ￿up vxevwdqwldoo| fxwv lqwurgxfwru| dgyhuwlvlqj
h{shqglwxuhv wr d ohyho zklfk lv ehorz hyhq wkh ixoo lqirupdwlrq ohyho ri wkh orz0txdolw| ￿up
+khqfh/ wkh wlwoh ri wkh sdshu,1
Wklv lv lq frqwudvw wr wkh vwdqgdug uhvxow ri vljqdolqj jdphv/ zklfk dvvxph wkh VFF1 Wkh VFF
lv qrw dq reylrxv dvvxpswlrq lq rxu prgho1 Vwuhqjwkhqlqj wkh vljqdo +lqfuhdvlqj wkh dgyhuwlvlqj
8E| ￿vhqvleoh￿ zh uhihu wr wkh Lqwxlwlyh Fulwhulrq ri Fkr dqg Nuhsv +4<;:,/ zklfk lv vx!flhqw jlyhq wkh
vlpsolflw| ri wkh prgho1
7h{shqglwxuhv, pd| vrphwlphv ehqh￿w wkh orz0txdolw| ￿up pruh wkdq wkh kljk0txdolw| ￿up1 Wklv
vwhpv iurp wkh dvvxpswlrq wkdw wkh pdujlqdo frvw ri wkh orz0txdolw| ￿up lv vpdoohu wkdq wkdw ri
wkh kljk0txdolw| ￿up1 Wkxv/ zkhq lw plplfv wkh kljk0txdolw| ￿up/ lw vhwv wkh kljk0txdolw| sulfh
dqg kdv d kljkhu pdun0xs1 Rq wkh rwkhu kdqg/ wkh kljk0txdolw| ￿up jhqhudwhv pruh yroxph
wkdq wkh orz0txdolw| ￿up gxh wr uhshdw sxufkdvhv1
Wkhvh wzr rssrvlqj h￿hfwv fdq hlwkhu uhvxow lq wkh VFF/ zklfk lq wxuq |lhogv wkh vwdqgdug
uhvxow lq vljqdolqj olwhudwxuh/ ru wkh| fdq uhvxow lq ylrodwlrq ri wkh VFF1 Lq wkh vhfrqg fdvh/ zh
rewdlq wkh vljqdo uhyhuvdo skhqrphqrq/ zkhuh wkh kljk0txdolw| ￿up vljql￿fdqwo| fxwv dgyhuwlvlqj
h{shqglwxuhv wr d srlqw zklfk pdnhv lw xqdwwudfwlyh iru wkh orz0txdolw| ￿up wr plplf1 Wklv uhvxow
fdq eh rewdlqhg/ hyhq li wkh htxloleulxp pdun0xs ryhu xqlw frvwv lv srvlwlyho| uhodwhg wr txdolw|1
Whqwdwlyho|/ wkh wzr rssrvlqj h￿hfwv pd| h{sodlq wkh hpslulfdo revhuydwlrq ri Fdyhv dqg Juhhq
+4<<9,1
Lqwxlwlyho|/ vljqdo uhyhuvdo +lq wkh vhqvh ri wklv sdshu, uhtxluhv wzr wklqjv1 Iluvw/ wkh pdujlqdo
uhwxuqv wr dgyhuwlvlqj/ phdvxuhg e| wkh fxvwrphuv uhdfkhg/ fdqqrw idoo wrr udslgo|1 Vhfrqgo|/
wkh udwlr ehwzhhq wkh ixoo lqirupdwlrq pdun0xs ri wkh kljk0txdolw| dqg wkh orz0txdolw| ￿up fdq
qhlwkhu eh wrr odujh qru wrr vpdoo1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq vhwv rxw wkh prgho dqg wkh ixoo lqiru0
pdwlrq ehqfk0pdun1 Vhfwlrq 6 dqdo|vhv vhsdudwlqj htxloleuld/ zkloh Vhfwlrq 7 irfxvhv rq vljqdo
uhyhuvdo1 Lq Vhfwlrq 8 zh pdnh d ihz frqfoxglqj uhpdunv1 Wkh Dsshqgl{ frqwdlqv d froohfwlrq
ri surriv1
  
D qhz surgxfw lv lqwurgxfhg lqwr wkh pdunhw e| d prqrsrolvw ￿up1 Wkh txdolw| ri wkh surgxfw lv
hlwkhu ￿kljk￿ +K, ru ￿orz￿ +O,/ dqg wklv lv sulydwh lqirupdwlrq ri wkh ￿up1 Surgxfwlrq frvwv duh
8fM+t, dqg fu+t, zkhuh t lv wkh rxwsxw ohyho1 Frqvxphuv fdq glvfryhu wkh txdolw| ri wkh surgxfw
rqo| li wkh| sxufkdvh dqg xvh lw +l1h1/ wkh surgxfw odxqfkhg e| wkh ￿up lv dq h{shulhqfh jrrg,1
Zh dvvxph wkh iroorzlqj1
+D4, Wkhuh duh wzr frqvwdqwv fM dqg fu/v x f kw k d wfu ?f M dqg f|+t,@f|t/ w 5i K>Oj1
Wkh pdujlqdo frvwv duh frqvwdqw dqg wkh xqlw frvw ri wkh kljk0txdolw| surgxfw h{fhhgv wkdw
ri wkh orz0txdolw| surgxfw1 Wkh olqhdulw| dvvxpswlrq lv qrw fuxfldo1 Lw hqdeohv xv wr ￿qg h{solflw
dqg uhodwlyho| vlpsoh frqglwlrqv iru wkh vljqdo uhyhuvdo skhqrphqrq wr rffxu1 Zh frxog krzhyhu
ghprqvwudwh rxu uhvxow zlwk txlwh jhqhudo frvw ixqfwlrqv1
Wkhuh lv d frqwlqxxp ri lqglylgxdov uhsuhvhqwhg e| wkh xqlw lqwhuydo ^3>4‘1 Wkh| duh glylghg
lqwr wzr w|shv= ￿idvwlglrxv￿ +I, dqg ￿lqgl￿huhqw￿ +L, lq wkh sursruwlrqv ￿ dqg 4￿￿/ uhvshfwlyho|1
Hdfk idvwlglrxv lqglylgxdo lv zloolqj wr sd| z8
M dqg z8
u shu xqlw ri wkh kljk0txdolw| dqg orz0
txdolw| jrrgv/ uhvshfwlyho|1 Vlploduo| hdfk lqgl￿huhqw lqglylgxdo lv zloolqj wr sd| zU
u dqg zU
M iru
wkh kljk0txdolw| dqg orz0txdolw| jrrgv/ uhvshfwlyho|1 Zh pdnh wkh iroorzlqj dvvxpswlrq





Hvvhqwldoo| wklv frpelqhv wzr dvvxpswlrqv1 D idvwlglrxv fxvwrphu lv zloolqj wr sd| pruh iru d
kljk0txdolw| jrrg/ zkloh kh lv zloolqj wr sd| ohvv iru d orz0txdolw| jrrg1 Wkxv/ wkh zloolqjqhvv0wr0
sd| ri d idvwlglrxv lqglylgxdo lv pruh vhqvlwlyh wr txdolw| wkdq wkdw ri dq lqgl￿huhqw lqglylgxdo1
Wkh lqwhudfwlrq ehwzhhq wkh ￿up dqg wkh srwhqwldo fxvwrphuv fdq eh ghvfulehg dv iroorzv1
Lq wkh ￿uvw shulrg/ lqglylgxdov ehfrph dzduh ri wkh surgxfw wkurxjk lqwurgxfwru| dgyhuwlvlqj1
Wkh ￿up fkrrvhv wkh surgxfw sulfh/ s￿/ dqg wkh dprxqw ri dgyhuwlvlqj h{shqglwxuh/ {1D v d
uhvxow ri wkh dgyhuwlvlqj/ d sursruwlrq ￿+{, ri lqglylgxdov ehfrphv dzduh ri wkh surgxfw1 Dv lq
prvw ri wkh olwhudwxuh/ lw lv dvvxphg wkdw { lv nqrzq wr hyhu| lqglylgxdo zkr ehfrphv dzduh ri
9wkh surgxfw19 Zh pdnh wkh iroorzlqj dvvxpswlrq1
+D6, Wkh ixqfwlrq ￿+{, lv gl￿huhqwldeoh/ vwulfwo| frqfdyh dqg lqfuhdvlqj1 Lq dgglwlrq/ ￿+3, @ 3
dqg ￿+{, $ 4 dv { $4 1
Wkxv/ wkh sursruwlrq ri fxvwrphuv zkr duh h{srvhg wr wkh surgxfw lqfuhdvhv zlwk wkh ohyho
ri dgyhuwlvlqj h{shqglwxuhv/ exw dw d glplqlvklqj udwh1 Zlwk qr dgyhuwlvlqj/ wklv sursruwlrq lv
}hur dqg lw lqfuhdvhv wr 4 dv wkh dgyhuwlvlqj h{shqglwxuhv jurz lqgh￿qlwho|1
Lq wkh vhfrqg shulrg/ wkh sulfh pd| ydu|/ exw wkhuh lv qr ixuwkhu dgyhuwlvlqj1 Lw lv dvvxphg
wkdw hyhu| lqglylgxdo ex|v hlwkhu }hur ru rqh xqlw lq hdfk shulrg1
Wr vlpsoli| wkh dqdo|vlv dqg irfxv rq wkh dgyhuwlvlqj h{shqglwxuh dv wkh uhohydqw vljqdo/ zh
pdnh wzr ixuwkhu dvvxpswlrqv1
+D7, z8
u ?f u ?f M ?z U
u
Wkxv/ wkh zloolqjqhvv ri d idvwlglrxv lqglylgxdo wr sd| iru wkh orz0txdolw| surgxfw idoov vkruw
ri lwv frvw1 Wklv dvvhuwv wkdw wkh orz0txdolw| ￿up zloo orvh e| orzhulqj lwv sulfh iurp zU
u wr z8
u
lq rughu wr vhoo wkh surgxfw wr wkh idvwlglrxv lqglylgxdov dv zhoo1 Lq frqwudvw/ wkh zloolqjqhvv ri
dq lqgl￿huhqw lqglylgxdo wr sd| lv vx!flhqw wr fryhu wkh frvwv ri erwk txdolwlhv1
+D8, +4 ￿ ￿,+zU
u ￿ fM, A￿ +z8
M ￿ fM,
Wklv frqglwlrq fohduo| lpsolhv wkdw ￿?4@51 +D8, edvlfdoo| dvvhuwv wkdw wkh kljk0txdolw|
￿up suhihuv wr vhw wkh sulfh dw zU
u/ hyhq li wklv frqixvhv wkh frqvxphuv lqwr eholhylqj wkdw lwv
w|sh lv O/ udwkhu wkdq vhwwlqj wkh sulfh dw z8
M dqg kdylqj rqo| wkh idvwlglrxv lqglylgxdov dv lwv
fxvwrphuv1
9Wr rewdlq rxu uhvxowv/ lw lv vx!flhqw iru lqglylgxdov zkr duh h{srvhg wr wkh surgxfw wr kdyh d idlu hvwlpdwh ri %
+h1j1/ edvhg rq wkh qxpehu ri wlphv wkh| revhuyh wkh dgv/ wkh vl}h ri wkh dgv/ ru wkhlu eurdgfdvwlqj gxudwlrq,1 Prvw
prghov lq wkh olwhudwxuh zklfk ghdo zlwk dgyhuwlvlqj dv d vljqdo ri txdolw| dvvxph wkdw lqglylgxdov duh h{srvhg
wr doo dgv dqg/ khqfh/ wkdw % lv frpprqo| nqrzq1 Rqh h{fhswlrq lv Khuw}hqgrui +4<<6,/ zkr dvvxphv wkdw wkh
frqvxphuv frqvwuxfw dq hvwlpdwh iru % edvhg rq wkh qxpehu ri dgv revhuyhg1
:Zh qrwh wkdw +D5, dqg +D7, frpelqh wr
3 ￿ z8




zklfk zh vkdoo uhihu wr uhshdwhgo|1
Zh vkdoo qrw vshfli| wkh suredelolw| ri wkh ￿up*v w|sh vlqfh wklv lv luuhohydqw iru wkh frpsxwd0
wlrq ri vhsdudwlqj htxloleuld +surylghg wkdw wkh w|shv ri wkh lqglylgxdov duh vhohfwhg lqghshqghqwo|
ri wkh w|shv ri wkh ￿up,1 Ilqdoo|/ iru vlpsolflw| zh devwudfw iurp glvfrxqwlqj ehwzhhq wkh wzr
shulrgv1 Wklv kdv qr h￿hfw rq rxu uhvxowv1
Kdylqj rxwolqhg wkh prgho/ zh fdq vwdwh irxu ohppdv zklfk sod| dq lpsruwdqw uroh lq wkh
dqdo|vlv1
Ohppd 41 Ohw ￿uu+{, eh wkh sur￿wv ri wkh orz0txdolw| ￿up/ li lw vshqgv { rq dgyhuwlvlqj/ vhwv
wkh ￿uvw0shulrg sulfh dw zU
u/ dqg hyhu| h{srvhg lqglylgxdo lq wkh ￿uvw0shulrg fruuhfwo| lghqwl￿hv
lwv w|sh1 Wkhq
￿uu+{, @ +zU
u ￿ fu,5+4 ￿ ￿,￿+{, ￿ {
Surri1 E| +514, rqo| lqgl￿huhqw lqglylgxdov ex| lq wkh ￿uvw shulrg/ dqg wkh ￿uvw0shulrg sur￿wv
duh
+zU
u ￿ fu,+4 ￿ ￿,￿+{, ￿ {
Zh dujxh wkdw lq wkh vhfrqg shulrg wkh ￿up vhwv wkh vdph sulfh/ zU
u1 Lqghhg lq wkh vhfrqg
shulrg wkh lqgl￿huhqw lqglylgxdov nqrz wkh txdolw| ri wkh surgxfw1 Li wkh vhfrqg shulrg sulfh lv
vhw deryh zU
u/ wkh ￿up plvvhv rxw rq wkh sxufkdvhv ri lqgl￿huhqw lqglylgxdov/ dqg hyhq li e| grlqj
vr vkh dwwudfwv wkh idvwlglrxv lqglylgxdo/ wkhq e| +D4, dqg +D8, vkh vwloo rewdlqv ohvv wkdq xqghu
wkh sulfh zU
u 1 Wkhuhiruh/ hyhu| lqglylgxdo zkr revhuyhv wkh vhfrqg sulfh/ zU
u/ nqrzv wkdw wkh
txdolw| lv orz1 Dv iru sulfhv ehorz zU
u/ qrwh wkdw wkh ￿up fdq dwwudfw wkh idvwlglrxv lqglylgxdov
;e| vhwwlqj wkh sulfh z8
u +zklfk e| +D5, lv vpdoohu wkdq zU
u,1 Exw wklv sulfh idoov vkruw ri lwv frvw
+vhh +D7,,1 Zh frqfoxgh wkdw wkh orz0txdolw| ￿up vhwv wkh sulfh zU
u lq wkh vhfrqg shulrg/ dqg
wkh vhfrqg shulrg sur￿wv duh
+zU
u ￿ fu,+4 ￿￿,￿+{,
Dgglqj wkh sur￿wv lq wkh wzr shulrgv/ zh jhw
￿uu+{,@+ zU
u ￿ fu,5+4 ￿ ￿,￿+{, ￿ {
dv vwdwhg1
Wkh surriv ri wkh qh{w wkuhh ohppdv xvh vlplodu dujxphqwv +h{fhsw/ shukdsv/ Ohppd 7, dqg
wkh| dsshdu lq wkh dsshqgl{1
Ohppd 51 Ohw ￿MM+{, eh wkh sur￿wv ri wkh kljk0txdolw| ￿up/ li lw vshqgv { rq dgyhuwlvlqj/
vhwv wkh ￿uvw0shulrg sulfh dw zU
M/ dqg hyhu| h{srvhg lqglylgxdo fruuhfwo| lghqwl￿hv lwv w|sh1 Wkhq
￿MM+{, @ +zU
M ￿ fM,5￿+{, ￿ {
Ohppd 61 Ohw ￿uM+{, eh wkh sur￿wv ri wkh orz0txdolw| ￿up li lw vshqgv { rq dgyhuwlvlqj/ vhwv
wkh ￿uvw0shulrg sulfh dw zU
M/ dqg vxffhhgv lq irrolqj hyhu| h{srvhg lqglylgxdo lq wkh ￿uvw shulrg




u ￿ fu,+5 ￿ ￿,￿+{, ￿ { +515,
Ohppd 71 Ohw ￿Mu+{, eh wkh sur￿wv ri wkh kljk0txdolw| ￿up/ li lw vshqgv { rq dgyhuwlvlqj/ vhwv
wkh ￿uvw shulrg sulfh dw zU
u/ dqg hyhu| h{srvhg lqglylgxdo lqfruuhfwo| eholhyhv lq wkh ￿uvw shulrg
wkdw wkh txdolw| lv orz1 Wkhq
￿Mu+{, @ ￿+zU
M ￿zU
u,+4 ￿ ￿,￿+{, . +zU
M ￿ fM,+5 ￿ ￿,￿+{, ￿ { +516,
<Qrwh wkdw ￿|M+{, A￿ |u+{, iru doo {A3 dqg w 5i K>Oj/ zklfk phdqv wkdw wkh ￿up lv ehwwhu
r￿ ehlqj shufhlyhg dv d kljk0txdolw| ￿up/ luuhvshfwlyh ri lwv wuxh w|sh1 E| +D4, dqg +D6, lw lv
lpphgldwh wkdw ￿|￿+{, lv vwulfwo| frqfdyh/ w>￿ 5i K>Oj/ dqg vlqfh ￿|￿+3, @ 3 dqg ￿|￿+{, $￿ 4
dv { $4 / zh frqfoxgh wkdw ￿|￿ kdv d vlqjoh shdn1
Qh{w zh eulh | wxuq wr wkh ixoo lqirupdwlrq ehqfk0pdun1 Iluvw/ frqvlghu wkh orz0txdolw| ￿up1
Zlwk ixoo lqirupdwlrq dqg jlyhq z8
u ?f u/ lw fohduo| pdnhv qr vhqvh iru wkh orz0txdolw| ￿up wr
dwwhpsw wr vhoo wr idvwlglrxv lqglylgxdov1 Lw iroorzv wkdw lw lv rswlpdo iru wkh ￿up wr vhw wkh sulfh
lq erwk shulrgv htxdo wr wkh zloolqjqhvv ri lqgl￿huhqw lqglylgxdov wr sd| iru wkh orz txdolw|1 Wkdw
lv/ s￿ @ s2 @ s6
u @ zU
u/ zkhuh p vwdqgv iru ￿p|rslf￿1 Jlyhq wkhvh sulfhv/ rqo| wkh h{srvhg
lqgl￿huhqw lqglylgxdov ex|/ dqg wkh sur￿wv ri wkh orz0txdolw| ￿up dv d ixqfwlrq ri { duh
￿6
u+{, @ +zU
u ￿ fu,5+4 ￿ ￿,￿+{, ￿ { ￿ ￿uu+{,
Jlyhq wkh frqfdylw|/ wklv kdv d xqltxh lqwhulru pd{lpl}hu/ {6







u , A 3 +vhh ehorz,1
Qh{w/ frqvlghu wkh kljk0txdolw| ￿up1 E| +D8, wkh sursruwlrq ri lqgl￿huhqw lqglylgxdov lv
vljql￿fdqw/ dqg wkh zloolqjqhvv wr sd| ri wkh idvwlglrxv lqglylgxdov lv qrw frpshqvdwlyho| odujh1
Frqvhtxhqwo|/ wkh kljk0txdolw| ￿up pdnhv vxuh qrw wr plvv rxw rq wkh sxufkdvhv ri wkh lqgl￿huhqw
lqglylgxdov1 Wkhuhiruh/ lw vhwv wkh sulfh dw zU
M dqg vhoov wr erwk w|shv ri lqglylgxdov1 Wkdw lv/
s￿ @ s2 @ zU
M1 Wkh sur￿wv dv d ixqfwlrq ri { duh
￿6
M+{, @ +zU
M ￿ fM,5￿+{, ￿ { ￿ ￿MM+{,
43Wklv kdv d xqltxh lqwhulru pd{lpl}hu/ {6







M, A 3 +vhh ehorz,1
Wr hqvxuh wkdw wkh ixoo lqirupdwlrq sur￿wv duh vwulfwo| srvlwlyh iru erwk w|shv ri wkh ￿up/
￿||+{6
| , A 3/ w 5i K>Oj/ zh dgg wkh iroorzlqj dvvxpswlrq1
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Zh vwxg| vhtxhqwldo sxuh vwudwhj| vhsdudwlqj htxloleuld +VVH,/ zkhuh wkh wzr w|shv ri wkh ￿up
vhsdudwh wkhpvhoyhv lq wkh ￿uvw shulrg1 Wkdw lv/ wkh vljqdov +s￿
u>{ u, dqg +s￿
M>{ M, duh gl￿huhqw
e| dw ohdvw rqh frpsrqhqw/ zkhuh +s￿
|>{ |, lv wkh ￿uvw0shulrg sulfh dqg dgyhuwlvlqj h{shqglwxuhv
ri wkh w0w|sh ￿up/ w 5i K>Oj1 Ixuwkhupruh/ wr vkdushq wkh uhvxowv zh irfxv rq htxloleulxp
srlqwv zklfk duh frqvlvwhqw zlwk wkh Lqwxlwlyh Fulwhulrq ri Fkr dqg Nuhsv +4<;:,1 Zh ghqrwh
wkhp e| VVVH +vhqvleoh vhtxhqwldo sxuh0vwudwhj| vhsdudwlqj htxloleuld,
Lq hyhu| vhsdudwlqj htxloleulxp/ h{srvhg lqglylgxdov lghqwli| wkh txdolw| ri wkh surgxfw lq
wkh ￿uvw shulrg1 Wkh| lqihu wkdw lw lv ri kljk txdolw|/ li wkh| revhuyh wkh vljqdo +s￿
M>{ M,/d q g
wkdw lw lv ri orz txdolw|/ li wkh vljqdo lv +s￿
u>{ u,1 Lw iroorzv lpphgldwho| wkdw wkh orz0txdolw| ￿up
fkrrvhv wkh ixoo lqirupdwlrq sulfh/ s￿
u @ s6
u @ zU
u/ dqg dgyhuwlvlqj h{shqglwxuhv/ {u @ {6
u 1
Zh vkrz ehorz +vhh Sursrvlwlrq 5, wkdw iru d fhuwdlq uhjlrq ri wkh sdudphwhuv/ wkh sulfh
ri wkh kljk0txdolw| ￿up lv s￿
M @ s6
M @ zU
M lq hyhu| VVVH1 Wkdw lv/ wkh sulfh ri wkh kljk0
txdolw| ￿up lv xqglvwruwhg dqg frlqflghv zlwk wkh ixoo lqirupdwlrq sulfh1 Exw/ zh ￿uvw ￿qg wkh




Frqvlghu wkh vhw [/ frqvlvwlqj ri doo { vxfk wkdw wkh orz0txdolw| ￿up ￿qgv lw xqdwwudfwlyh
wr vshqg { rq dgyhuwlvlqj/ hyhq li e| grlqj vr lw vxffhhgv lq irrolqj wkh h{srvhg lqglylgxdov
derxw lwv w|sh1 Wkxv/ Qrwh wkdw wkh orz0txdolw| ￿up pd| irro wkh frqvxphuv rqo| li lw vhwv wkh
￿uvw0shulrg sulfh dw s￿
M @ zU
M1 Wklv lv wkh fdvh lq ￿uM+{,1W k x v /
{ 5 [ l￿ ￿uu+{6
u, ￿ ￿uM+{,> +614,
+vhh Ohppdv 4 dqg 6,1
Vxssrvh qrz wkdw | @ 5 [1 Wkhq/ lq hyhu| VVH/ wkh idvwlglrxv lqglylgxdov zkr duh h{srvhg wr
wkh surgxfw duh zloolqj wr sd| dw prvw z8
u dqg wkh lqgl￿huhqw lqglylgxdov duh zloolqj wr sd| dw
prvw zU
u1 Rwkhuzlvh/ li wkhlu vwudwhj| lqvwuxfwv wkhp wr sxufkdvh wkh surgxfw dw zU
M/ wkh orz0
txdolw| ￿up lv ehwwhu r￿ vzlwfklqj iurp {6
u wr | +dqg iurp zU
u wr zU
M, vlqfh ￿uM+|, A￿ uu+{6
u,1
Khqfh/ iru hyhu| dgyhuwlvlqj h{shqglwxuh | @ 5 [/ wkh kljk0txdolw| ￿up vhwv wkh sulfh zU
u +vhh




+vhh Ohppdv 5 dqg 7,1 Wkdw lv/ wkh kljk0txdolw| ￿up vkrxog qrw eh ehwwhu r￿ dw dq| srlqw zkhuh
wkh h{srvhg lqglylgxdov zurqjo| lghqwli| lwv w|sh1 Ilqdoo|/ dw hyhu| VVVH/ wkh kljk0txdolw| ￿up
frqvlghuv doo dgyhuwlvlqj ohyhov lq [ zkhuh lqglylgxdov fdq ￿vhqvleo|￿: lqihu lwv lghqwlw| dqg




Frqglwlrqv +615, dqg +616, duh wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqwv rq wkh kljk0txdolw| ￿up1
:Vlqfh hyhu| % M f lv lqihulru wr %
6
u iru wkh orz0txdolw| ￿up/ lw lv vhqvleoh wr lqihu/ zkhq revhuylqj % M f/
wkdw lw zdv vhohfwhg e| wkh kljk0txdolw| ￿up1 Wklv lqihuhqfh lv d frqvhtxhqfh ri wkh Lqwxlwlyh Fulwhulrq ri Fkr
dqg Nuhsv +4<;:, ru wkh iruzdug lqgxfwlrq sulqflsoh ri Nrkoehuj dqg Phuwhqv +4<;9,1
45Qh{w/ zh fkdudfwhul}h wkh vhw [ gh￿qhg lq +614,1
Ohppd 81 Wkhuh h{lvw { dqg { vxfk wkdw=
+l, 3 ?{?{ 6
u ? { dqg
+ll, [ @^ 3 >{‘ ^ ^{>4,1
Surri1 Vhh Dsshqgl{1
Kdylqj wkxv fkdudfwhul}hg wkh vhw/ [/ ri dgyhuwlvlqj h{shqglwxuhv wkdw duh grplqdwhg iurp
wkh srlqw ri ylhz ri wkh orz0txdolw| ￿up/ rxu qh{w jrdo lv wr hvwdeolvk frqglwlrqv zklfk jxdudqwhh
wkdw {M @ { dw hyhu| VVVH zkhuh s￿
M @ zU
M1 Lq wklv vhfwlrq zh ￿uvw ￿qg frqglwlrqv zklfk
jxdudqwhh wkdw {M @ { ru {M @ {6
M +Ohppd 9,1 Vhfrqgo|/ zh ￿qg frqglwlrqv iru zklfk wkh
lqfhqwlyh0frpsdwlelolw| frqvwudlqwv ri wkh kljk0txdolw| ￿up duh vdwlv￿hg iru {M @ { +Ohppd
:,1 Ilqdoo|/ lq wkh qh{w vhfwlrq/ zkhuh wkh irfxv lv rq vljqdo ￿uhyhuvdo￿/ zh vwuhqjwkhq wkhvh
frqglwlrqv wr jxdudqwhh wkdw {6
u ?{ 6




Zh ￿uvw ￿qg frqglwlrqv zklfk jxdudqwhh wkdw dw hyhu| VVVH zlwk s￿
M @ zU
M/ wkh dgyhuwlvlqj
h{shqglwxuhv ri wkh kljk0txdolw| ￿up duh vpdoohu wkdq wkrvh ri wkh orz0txdolw| ￿up1
Ohppd 91 Vxssrvh wkdw s￿
M @ zU
M/ wkhq









+ll, li ￿MM+{, A￿ MM+{,/ wkhq {M ?{ 6




Surri1 Wkh surri ri +l, dsshduv lq wkh Dsshqgl{1 Dv iru sduw +ll,/ wkh lqhtxdolw| ￿MM+{, A
46￿MM+{, dqg wkh frqfdylw| ri ￿MM+{, lpso| wkdw {6
M +wkh pd{lpl}hu ri ￿MM+{,,l vv p d o o h uw k d q
{1 E| +616, dqg wkh frqfdylw| ri ￿MM+{,/ {M @ { l￿ { ?{ 6
M> rwkhuzlvh/ {M @ {6
M1
Ohppd 9 lpsolhv wkdw zkhqhyhu wkh +xqlw, pdun0xs ri wkh kljk0txdolw| ￿up lv qrw wrr odujh
frpsduhg wr wkh pdun0xs ri wkh orz0txdolw| ￿up/ wkhq wkh kljk0txdolw| ￿up rewdlqv d kljkhu
sur￿w xqghu { wkdq xqghu {1 Wkh qh{w ohppd ghdov zlwk wkh lqfhqwlyh0frpsdwlelolw| frqglwlrq
ri wkh kljk0txdolw| ￿up lq +615,1








u3Su1 Wkhq wkh lqfhqwlyh0frpsdwlelolw|











iru doo 3 ?￿?4/ zkhuh FB+{>{, ￿
>E%B￿3dB>E%￿nE￿3B￿>E%￿o
>E%B￿ dqg {B ￿ ￿{. +4 ￿ ￿,{1
Surri1 Vhh Dsshqgl{1
FB+|>}, phdvxuhv wkh frqfdylw| ri ￿+{, rq ^|>}‘1 Khqfh/ wkh lqhtxdolw| lq Ohppd : phuho|
uhtxluhv wkdw ￿+{, vkrxog qrw eh wrr frqfdyh rq ^{>{‘1 Urxjko|/ wkh pdujlqdo uhwxuqv wr dg0
yhuwlvlqj +lq whupv ri uhdfklqj srwhqwldo fxvwrphuv, vkrxog qrw idoo wrr udslgo| lq wkh uhohydqw
udqjh1 Zh fdq voljkwo| uhirupxodwh wklv dqg vwdwh wkh iroorzlqj uhvxow1








u3Su ? 4 ￿ ￿ . SM3Su
￿U
u3Su





Wkhq/ wkh lqfhqwlyh0frpsdwlelolw| frqglwlrq/ ￿MM+{, A￿ Mu+{,/ { ￿ { ￿ {/ iru wkh kljk0
txdolw| ￿up lv vdwlv￿hg1
Surri1 Vhh Dsshqgl{1
47Uhpdun1 Dvvxpswlrq 9 jxdudqwhhv wkdw ￿||+{, A 3 iru vrph {/ w 5i K>Oj1 Lw lv frqvlvwhqw zlwk










Zh fdq vxppdul}h rxu uhvxowv xs wr wklv srlqw lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 41 Vxssrvh wkdw s￿
M @ zU





u3Su ￿ +4 ￿ ￿,+4 . SM3Su
￿U
u3Su,





Wkhq lq hyhu| VVVH/ s￿
u @ zU
u/ {u @ {6
u /d q g{M @ { ru {M @ {6
M1
Surri1 Wkh surri ri wkh fdvh zkhuh {M @ { ?{ 6
M iroorzv gluhfwo| iurp Ohppdv 9 dqg
Fruroodu| 41 Wkh rwkhu fdvh zkhuh {M @ {6
M lv rewdlqhg zkhq {6
M ?{ 1L qw k l vf d v h{6
M 5 [ dqg
￿MM+{6
M, ￿ ￿MM+{, A￿ Mu+{, iru doo {1
Lq wkh fdvh zkhuh {6
M A{ / Sursrvlwlrq 4 surylghv d vx!flhqw frqglwlrq iru wkh kljk0txdolw|
￿up wr fuhgleo| vljqdo lwv w|sh e| fxwwlqj lwv dgyhuwlvlqj ohyho ehorz wkh htxloleulxp ohyho ri
wkh orz0txdolw| ￿up1 Wklv uhvxow lv rewdlqhg xqghu wkh dvvxpswlrq wkdw sM @ zU
M1 Wkh qh{w
sursrvlwlrq vwdwhv wkdw s￿
M @ zU
M zloo lqghhg eh fkrvhq lq hyhu| ￿vhqvleoh￿ vhsdudwlqj htxloleulxp
xqghu wkh frqglwlrqv vwdwhg lq Sursrvlwlrq 41





u3Su ￿ +4 ￿ ￿,+4. SM3Su
￿U
u3Su,





Wkhq lq hyhu| VVVH s￿
M @ zU
M1
Wkh ghwdlohg surri ri wklv sursrvlwlrq dsshduv lq wkh Dsshqgl{1 Ohw xv vnhwfk wkh lghd1 Wkhuh
duh wkuhh vwhsv1 Iluvw/ zh suryh wkdw sM ￿ zU
M1 Wklv iroorzv iurp ￿+z8
M￿fM, ? +4￿￿,+zU
u￿fM,
48+vhh +D8,,/ zklfk lpsolhv wkdw wkh sursruwlrq ri lqgl￿huhqw lqglylgxdov lv vljql￿fdqw/ dqg wkh
zloolqjqhvv wr sd| ri wkh idvwlglrxv lqglylgxdov lv qrw frpshqvdwlyho| odujh1 Frqvhtxhqwo|/ e|
vhwwlqj sM ￿ zU
M wkh kljk0txdolw| ￿up pdnhv vxuh qrw wr plvv rxw rq wkh sxufkdvhv ri lqgl￿huhqw
lqglylgxdov1
Qh{w/ zh xvh wkh ￿uvw frqglwlrq ri Sursrvlwlrq 5/ zklfk dvvhuwv wkdw wkh pdun0xs ri wkh
kljk0txdolw| ￿up lv qrw wrr odujh frpsduhg wr wkdw ri wkh orz0txdolw| ￿up1 Wklv lv xvhg wr vkrz
wkdw wkh kljk0txdolw| ￿up kdv qr lqfhqwlyh wr uhgxfh lwv sulfh ehorz zU
M +wr vrph s 5 +z8
u>z U
M,,
dqg dw wkh vdph wlph wr lqfuhdvh lwv dgyhuwlvlqj h{shqglwxuhv1 Wkh dvvrfldwhg lqfuhdvh lq wkh
qxpehu ri ex|huv +suhvhqw dqg ixwxuh, zloo qrw r￿vhw wkh ￿uvw0shulrg ghfolqh lq pdun0xs dqg wkh
dgglwlrqdo dgyhuwlvlqj frvw1
Ilqdoo|/z hx v hw k d wz8
u ?f M +vhh +514,, wr vkrz wkdw wkh kljk0txdolw| ￿up kdv qr lqfhqwlyh
wr uhgxfh lwv sulfh lq wkh ￿uvw shulrg wr z8
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Wkh vlqjoh0furvvlqj frqglwlrq +VFF,/ zklfk lv vwdqgdug lq wkh vljqdolqj olwhudwxuh/ lv pdlqo|
lqwurgxfhg wr jxdudqwhh wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp1 Lw pd| krzhyhu ohdg wr wkh
h{foxvlrq ri fhuwdlq lqwhuhvwlqj skhqrphqd1; Khxulvwlfdoo|/ wkh VFF dvvhuwv wkdw pruh djjuhvvlyh
vljqdov duh frvwolhu iru wkh zhdn0w|sh +orz0txdolw|, vhqghu wkdq iru wkh vwurqj0w|sh +kljk0txdolw|,
vhqghu/ hyhq li wkh zhdn0w|sh vhqghu vxffhhgv lq irrolqj wkh uhfhlyhu derxw klv w|sh e| vhqglqj dq
djjuhvvlyh vljqdo1 Wkh VFF jxdudqwhhv wkdw lq d ￿vhqvleoh￿ vhsdudwlqj htxloleulxp/ wkh dfwlrq ri
wkh vwurqj0w|sh vhqghu lv pruh djjuhvvlyh wkdq wkdw ri wkh zhdn0w|sh vhqghu1 Lq rxu frqwh{w/ iru
wkh fdvh zkhuh {6
M A{ 6
u/ wklv zrxog phdq pruh jhqhurxv dgyhuwlvlqj lq wkh vljqdolqj htxloleulxp
;Edjzhoo dqg Ehuqkhlp +4<<9, revhuyhg wkdw zkloh ￿111Yheohq h￿hfwv fdqqrw ruglqdulo| dulvh zkhq suhihuhqfhv
vdwlvi| d vlqjoh0furvvlqj surshuw|/ wkh| pd| hphujh zkhq wklv surshuw| idlov1￿
49e| wkh kljk0txdolw| ￿up +frqwudu| wr Sursrvlwlrq 4 deryh,/ wkdw lv/ {M A{ 6
M A{ 6
u @ {u1
Wkxv/ wkh dgyhuwlvlqj h{shqglwxuhv ri wkh kljk0txdolw| ￿up zrxog eh glvwruwhg deryh wkh ixoo
lqirupdwlrq ohyho/ lq wkh fdvh zkhuh wklv lv kljkhu wkdq wkh ixoo lqirupdwlrq ohyho ri wkh orz0txdolw|
￿up1
Lq rxu prgho/ wkh VFF lv htxlydohqw wr wkh uhtxluhphqw wkdw ￿MM+{,￿￿uM+{, eh d prqrwrqh
lqfuhdvlqj ixqfwlrq ri { zkhq wkh sdudphwhuv duh vxfk wkdw {6
M A{ 6
u 1
Zh fodlp wkdw wklv lv qrw dozd|v wuxh/ hvshfldoo| li fM lv vx!flhqwo| odujh uhodwlyh wr fu1
Wkh uhdvrq lv dv iroorzv= Zkhq wkh orz0txdolw| ￿up plplfv wkh kljk0txdolw| ￿up/ lw vhwv wkh
kljk0txdolw| sulfh1 Wkhuhiruh/ wkh orz0txdolw| ￿up kdv wkh kljkhu pdun0xs +zU
M ￿ fu frpsduhg
wr zU
M ￿ fM ,1 Wkxv/ wkh orz0txdolw| ￿up kdv wkh dgydqwdjh wkdw lw sur￿wv iurp hyhu| xqlw
vrog pruh wkdq wkh kljk0txdolw| ￿up1 Rq wkh rwkhu kdqg/ iru hyhu| dgglwlrqdo xqlw vrog lq wkh
￿uvw shulrg/ wkh kljk0txdolw| ￿up vhoov pruh wkdq wkh orz0txdolw| ￿up lq wkh vhfrqg shulrg/
gxh wr uhshdw0sxufkdvhv1 Wkh dgydqwdjh ri wkh kljk0txdolw| ￿up iurp dgyhuwlvlqj ydqlvkhv dv
+zU
M ￿ fM,@+zU
u ￿ fu, ehfrphv vx!flhqwo| vpdoo1
Iluvw/ zh vwuhqjwkhq wkh frqglwlrqv ri Sursrvlwlrq 4 wr doorz iru wkh vljqdo uhyhuvdo skh0
qrphqrq<1 Zh vwduw zlwk wkh iroorzlqj ohppd1








Xvlqj Sursrvlwlrqv 4 dqg 5 dqg Ohppd ; zh fdq qrz vwdwh wkh pdlq uhvxow ri wkh sdshu1
Wkhruhp 4 +Vljqdo Uhyhuvdo,1 Vxssrvh wkdw




u3Su ? +4 ￿ ￿,+4. SM3Su
￿U
u3Su,/d q g
<Vljqdo uhyhuvdo skhqrphqrq lq wkh frqwh{w ri wzr vhqghuv zdv lqwurgxfhg lq Ru}dfk dqg Wdxpdq +4<<9,












M/ {u @ {6
u / {M @ { dqg { ?{ 6
u ?{ 6
M1
Surri1 Wkh surri iroorzv lpphgldwho| iurp Sursrvlwlrqv 4/ 5 dqg Ohppd ;1
Wkhruhp 4 edvlfdoo| dvvhuwv wkdw li ￿+{, lv qrw ￿wrr￿ frqfdyh/ wkhq wkh frqglwlrqv iru vljqdo





u3Su / vkrxog qhlwkhu eh wrr vpdoo qru wrr odujh1 Li wkh udwlr lv wrr vpdoo/ wkhq
{6
M ?{ 6
u/ dqg zh gr qrw kdyh vljqdo uhyhuvdo lq wkh vhqvh ri wklv sdshu1 Li wkh udwlr lv wrr odujh/
zh kdyh {6
M A{ 6
u dqg dq xszdug glvwruwlrq ri dgyhuwlvlqj h{shqglwxuhv e| wkh kljk0txdolw|
￿up +li dq|wklqj,1 Vr/ vljqdo uhyhuvdo lq wkh vhqvh ri wklv sdshu uhtxluhv wkdw wkh udwlr ri wkh










Dq lpphgldwh fruroodu| lv wkh iroorzlqj1




u3Su￿nESM3Su￿/ wkhq vljqdo uhyhuvdo lv frqvlvwhqw zlwk pdun0xsv zklfk





Lq rwkhu zrugv/ lq d surshu uhjlrq ri wkh sdudphwhuv/ wkh prgho lv frqvlvwhqw zlwk wkh
skhqrphqrq ri vljqdo uhyhuvdo dqg htxloleulxp pdun0xsv zklfk duh lqfuhdvlqj lq txdolw|1 Qrwh





21 Wklv phdqv wkdw wkh iudfwlrq ri ￿idvwlglrxv￿ lqglylgxdov
qrw eh wrr odujh1 Rwkhuzlvh/ uhshdw0sxufkdvhv idyru wkh kljk0txdolw| ￿up wrr pxfk1
Ilqdoo|/ zh vkrz wkdw vljqdo uhyhuvdo lv lqfrpsdwleoh zlwk wkh VFF1 Uhfdoo wkdw vljqdo ￿uh0
yhuvdo￿ lq dq VVVH uhtxluhv ￿MM+{, A￿ MM+{, dqg {6
M A{ 6
u1




Wkh surri vkrzv wkdw li ￿MM+{, ￿ ￿uM+{, lv d prqrwrqh lqfuhdvlqj ixqfwlrq ri { dqg wkh
sdudphwhuv duh vxfk wkdw {6
M A{ 6
u / wkhq ￿MM+{, ?￿ MM+{,1 Khqfh/ VFF wrjhwkhu zlwk {6
M A
{6
u zrxog ohdg wr wkh vwdqgdug uhvxow= wkh kljk0txdolw| ￿up vljqdov e| lqfuhdvlqj lqwurgxfwru|
dgyhuwlvlqj h{shqglwxuhv deryh wkh ixoo lqirupdwlrq ohyho +li dq|wklqj,1
* '! 	$ +(
Wr vxppdul}h dqg frqfoxgh/ wklv sdshu kdv vkrzq wkdw d kljk0txdolw| ￿up pd|/ lqghhg/ fkrrvh
wr vljqdo lwv lghqwlw| e| orzhulqj lqwurgxfwru| dgyhuwlvlqj h{shqglwxuhv wr d ohyho ehorz wkdw ri
wkh orz0txdolw| ￿up1 Zh uhihu wr wklv dv vljqdo uhyhuvdo/ li xqghu ixoo lqirupdwlrq wkh kljk0txdolw|
￿up zrxog kdyh fkrvhq d kljkhu ohyho ri dgyhuwlvlqj wkdq wkh orz0txdolw| ￿up1 Zh kdyh vkrzq
wkdw wklv skhqrphqrq lv dovr frqvlvwhqw zlwk d srvlwlyh uhodwlrqvkls ehwzhhq wkh htxloleulxp
pdun0xsv dqg txdolw|1 Wklv uhtxluhv wkdw wkh udwlr ehwzhhq wkhvh pdun0xsv eh qhlwkhu wrr vpdoo
qru wrr odujh/ dqg wkdw wkh iudfwlrq ri srwhqwldo fxvwrphuv zkr duh kljko| vhqvlwlyh wr txdolw| lv
qrw wrr odujh1
4<Dsshqgl{
S u r r ir iO h p p d5
E| +514, doo wkrvh h{srvhg ex| lq wkh ￿uvw shulrg/ dqg wkh ￿uvw shulrg sur￿wv duh +zU
M￿fM,￿+{,￿
{1 Lq wkh vhfrqg shulrg/ doo ￿uvw0shulrg ex|huv +doo wkrvh h{srvhg, nqrz wkh txdolw| ri wkh
surgxfw1 Wkhuhiruh/ wkh ￿up vhwv wkh vdph sulfh/ zU
M/ lq wkh vhfrqg shulrg/ hyhu| ￿uvw0shulrg
ex|hu pdnhv d uhshdw sxufkdvh/ dqg wkh vhfrqg0shulrg sur￿wv duh +zU
M ￿ fM,￿+{,1 Dgglqj/ zh
jhw
￿MM+{, @ +zU
M ￿ fM,5￿+{, ￿ {
dv vwdwhg1
S u r r ir iO h p p d6
E| +514, doo wkrvh h{srvhg ex| lq wkh ￿uvw shulrg/ dqg wkh ￿uvw0shulrg sur￿wv duh +zU
M￿fu,￿+{,￿
{1 Lq wkh vhfrqg shulrg doo wkrvh h{srvhg nqrz wkh wuxh txdolw| ri wkh jrrg1 Khqfh/ e| +514,
wkh rswlpdo vhfrqg0shulrg sulfh lv zU
u ?z U
M/ dqg rqo| wkh lqgl￿huhqw lqglylgxdov pdnh d uhshdw
sxufkdvh1 Vhfrqg0shulrg sur￿wv duh +zU
u ￿ fu,+4 ￿ ￿,￿+{,1 Dgglqj/ zh jhw
￿uM+{,@+ zU
M ￿ fu,￿+{,.+ zU





u ￿ fu,+5 ￿ ￿,￿+{, ￿ {
dv vwdwhg1
S u r r ir iO h p p d7
E| +514, rqo| wkh lqgl￿huhqw lqglylgxdov dprqj wkrvh h{srvhg ex| lq wkh ￿uvw shulrg/ dqg wkh
￿uvw shulrg0sur￿wv duh +zU
u￿fM,+4￿￿,￿+{,￿{1 Qh{w/ zh dujxh wkdw wkh rswlpdo vhfrqg0shulrg
sulfh lv zU
M Az U
u/ dqg doo wkrvh lqlwldoo| h{srvhg ex| lq wkh vhfrqg shulrg1 Iluvw revhuyh wkdw
53hyhu| h{srvhg lqgl￿huhqw lqglylgxdo nqrzv +e| h{shulhqfh, wkdw wkh jrrg lv ri kljk txdolw| dqg
lv wkhuhiruh zloolqj wr sd| wkh sulfh zU
M1 Wkh h{srvhg idvwlglrxv lqglylgxdov +zkr kdyh revhuyhg
wkh ￿uvw0shulrg sulfh zU
u, pxvw lqihu wkdw wkh surgxfw lv ri kljk txdolw|/ li wkh vhfrqg0shulrg
sulfh lv kljkhu wkdq wkh ￿uvw0shulrg sulfh1 Wr vhh wklv/ uhfdoo wkdw wkh| nqrz wkdw wkh lqgl￿huhqw
lqglylgxdov nqrz wkh txdolw| e| h{shulhqfh dqg zloo eh zloolqj wr sd| d sulfh kljkhu wkdq zU
u
rqo| iru d kljk txdolw| surgxfw1 E| +D8, wkh ￿up fdq qrw d￿rug wr plvv rxw rq wkh sxufkdvhv
ri wkh lqgl￿huhqw lqglylgxdov1 Wkhuhiruh lw zloo udlvh wkh sulfh deryh zU
u rqo| li lw surgxfhv d
kljk0txdolw| surgxfw1
Wkxv/ wkh idvwlglrxv lqglylgxdov zkr zhuh lqlwldoo| h{srvhg lghqwli| wkh w|sh ri wkh ￿up dqg/
frqvhtxhqwo|/ zloo sxufkdvh wkh surgxfw/ li wkh vhfrqg0shulrg sulfh lv zU
M1 Fohduo|/ e| +D8, wkh
￿up kdv qr lqfhqwlyh wr udlvh wkh sulfh deryh zU
M wr z8
M1 Frqvhtxhqwo|/ wkh ￿up vhwv wkh sulfh
zU
M/ dqg wkh vhfrqg0shulrg sur￿wv duh +zU
M ￿ fM,￿+{,1 Dgglqj/ zh jhw
￿Mu+{, @ +zU
u ￿ fM,+4 ￿ ￿,￿+{, . +zU




u,+4 ￿ ￿,￿+{,.+ zU
M ￿ fM,+5 ￿ ￿,￿+{, ￿ {
dv vwdwhg1
S u r r ir iO h p p d8
E| +514, dqg +D6,/ ￿uM+{, lv d vwulfwo| frqfdyh ixqfwlrq zlwk ￿uM+3, @3dqg ￿uM+{, $￿ 4
iru { $4 1 Lq dgglwlrq/ ￿uu+{, ?￿ uM+{,/ ;{A31 Wklv wrjhwkhu zlwk +D9, lpso| ￿uM+3, @
3 ?￿ uu+{6
u, ?￿ uM+{6
u,1 Wkxv/ e| wkh frqwlqxlw| ri ￿uM+{,/ wkhuh h{lvwv { / 3 ?{?{ 6
u vxfk
wkdw ￿uM+{, @ ￿uu+{6
u,1 Vlploduo|/ ￿uM+{6
u , A￿ uu+{6
u , Ao l p %<"￿uM+{, @ ￿41 Wkhuhiruh/
wkhuh h{lvwv {/ {A{ 6
u vxfk wkdw ￿uM+{, @ ￿uu+{6
u , @ ￿uM+{,1 E| wkh frqfdylw| ri ￿uM+{,/
wkh vhw [ gh￿qhg lq +615, lv ri wkh irup [ @ ^3>{‘ ^ ^{>4,1
54S u r r ir iO h p p d9
Wkh surri ri sduw +ll, dsshduv lq wkh wh{w1 Zh qrz suryh sduw +l,1 E| Ohppd 6/ ￿uM+{,@￿uM+{,
lv htxlydohqw wr
{ ￿ { @+ zU
u ￿ fu,+5 ￿ ￿,+￿+{, ￿ ￿+{,, . +zU
M ￿ zU
u,+￿+{, ￿ ￿+{,,
zklfk zh fdq zulwh dv
{ ￿ { @ ^+4 ￿ ￿,+zU
u ￿ fu,.+ zU
M ￿ fM,.+ fM ￿ fu,‘+￿+{, ￿ ￿+{,, +814,
Dovr/ qrwh wkdw e| Ohppd 5
￿MM+{, A￿ MM+{, l￿ { ￿ { A +zU
M ￿ fM,5+￿+{, ￿ ￿+{,, +815,
Khqfh/ e| +814, dqg +815,/ ￿MM+{, A￿ MM+{, l￿
+4 ￿ ￿,+zU
u ￿ fu, . +zU
M ￿ fM, . +fM ￿fu, A 5+zU
M ￿ fM,









Wklv lv wkh frqglwlrq vwdwhg lq Ohppd 91
S u r r ir iO h p p d:
E| Ohppd 9/ ￿MM+{, ￿ ￿MM+{,1 Wkhuhiruh/ lw lv d vx!flhqw frqglwlrq wkdw iru dq| ￿ 5 +3>4,
dqg hyhu| { 5 +{>{,
￿￿MM+{, . +4 ￿ ￿,￿MM+{, ￿ ￿Mu+{, +816,
Qrz/ ohw { @ ￿{.+4￿￿,{ ￿ {B iru 3 ?￿?41 Wkhq/ e| Ohppdv 5 dqg 7 dqg +816,/ lv vx!flhqw
wkdw wkh iroorzlqj eh vdwlv￿hg iru hyhu| ￿ 5 +3>4,
￿+zU
M ￿ fM,5￿+{, ￿ ￿{. +4 ￿ ￿,+zU
M ￿ fM,5￿+{, ￿ +4 ￿ ￿,{
55@5 + zU
M ￿ fM,+￿￿+{,.+ 4￿ ￿,￿+{,, ￿ {B
￿￿ +zU
M ￿ zU
u,+4 ￿ ￿,￿+{B,.+ zU
M ￿ fM,+5 ￿ ￿,￿+{B, ￿ {B
Wklv uhgxfhv wr
5+zU
M ￿ fM,+￿￿+{,.+ 4￿ ￿,￿+{,, ￿ ++zU











Khqfh/ wkh uhtxluhphqw lv
4 ￿



















dv vwdwhg lq wkh ohppd1
Surri ri Fruroodu| 4
Zh qrz dgg d whfkqlfdo slhfh ri qrwdwlrq1 Frqvlghu d ohyho ri dgyhuwlvlqj vr odujh wkdw wkh
kljk0txdolw| ￿up zloo qrw frqvlghu vshqglqj vr pxfk rq dgyhuwlvlqj/ Ohw d eh v1w1 ￿MM+d,@3 1
Vlqfh ￿+d,@￿+d, ￿ ￿+3, ￿ ￿+{, ￿ ￿+{,/ e| Ohppd : lw lv vx!flhqw wr suryh wkdw iru hyhu| ￿/
3 ?￿?4
4 ￿




















Iru hyhu| 3 ￿ ￿ ￿ 4 dqg hyhu| 3 ￿ ￿ ￿ { gh￿qh
jB+￿, @
￿￿+￿, . +4 ￿ ￿,￿
￿+￿￿. +4 ￿ ￿,{,
= +818,
56E| wkh frqfdylw| ri ￿/ lw lv hdv| wr yhuli| wkdw j￿





















Wkhq i￿+w, A 3 l￿ ￿￿+w{, ?
>E|%￿
|% 1 Exw wkh odvw lqhtxdolw| iroorzv iurp wkh frqfdylw| ri ￿1 Khqfh






















Vlqfh dA{/ e| wkh frqfdylw| ri ￿ / >
% A
>E@￿
































Exw wklv lv frqglwlrq +lll, ri Fruroodu| 51
57Surri ri Sursrvlwlrq 5




Surri1 Vxssrvh wr wkh frqwudu| wkdw s￿
M Az U
M +z1o1r1j1 zh dvvxph wkdw s￿
M ￿ z8
M,1 E|
+514, dqg Ohppd 8/ doo lqglylgxdov eholhyh wkdw wkh ￿up lv ri w|sh K zkhqhyhu wkh| revhuyh
+s￿>{, lq wkh ￿uvw shulrg vxfk wkdw { 5 [ dqg s￿ ￿ zU
M1 Wkhuhiruh +s￿
M>{, fdq qrw eh dq VVVH
vljqdo li { 5 [ vlqfh wkh kljk0txdolw| ￿up lv ehwwhu r￿ ghyldwlqj wr zU
M wr dwwudfw wkh lqgl￿huhqw
frqvxphuv1 Vxssrvh/ wkhuhiruh/ wkdw { @ 5 [1 Gh￿qh iru s 5 +zU
M>z 8
M‘
￿MM+s>{, ￿ +s ￿ fM,￿￿+{, . +zU
M ￿fM,￿+{, ￿ { +8143,
Wkh ixqfwlrq ￿MM+s>{, lv wkh ￿rswlplvwlf￿ sur￿w ri wkh kljk0txdolw| ￿up/ li lw vshqgv { rq
dgyhuwlvlqj dqg vhwv wkh ￿uvw0shulrg sulfh dw sAz U
M1 Dv d uhvxow/ rqo| wkh idvwlglrxv frqvxphuv
sxufkdvh wkh surgxfw1 Lq wkh vhfrqg shulrg/ wkh sulfh lv zU
M/ dqg lq wkh rswlplvwlf fdvh hyhu|
h{srvhg lqglylgxdo fruuhfwo| lghqwl￿hv wkh ￿up*v w|sh dqg sxufkdvhv wkh surgxfw1 Wr ghulyh d
frqwudglfwlrq zh zloo vkrz wkdw ￿MM+s>{, ?￿ MM+{,/ zklfk phdqv wkdw wkh kljk0txdolw| ￿up
lv ehwwhu r￿ ghyldwlqj wr +zU
M>{,1 E| +D8,/
+s ￿ fM,￿￿+{, ￿ +z8
M ￿ fM,￿￿+{, ? +zU
u ￿ fM,+4 ￿ ￿,￿+{,
Wklv lpsolhv wkdw
￿MM+s>{, ? +zU
u ￿ fM,+4 ￿ ￿,￿+{, . +zU
M ￿ fM,￿+{, ￿ {
@ ￿+zU
M ￿ zU
u,+4 ￿ ￿,￿+{, . +zU
M ￿ fM,+5 ￿￿,￿+{, ￿ { @ ￿Mu+{,
zkhuh zh kdyh xvhg wkh gh￿qlwlrq ri ￿Mu+{, iurp Ohppd 71 E| Ohppd :
￿MM+s>{, ?￿ Mu+{, ?￿ MM+{,
58iru doo { 5 +{>{,1 Wklv frpsohwhv wkh surri ri wkh ￿uvw fodlp1
Fodlp 51 Lq hyhu| VVVH/ s￿
M @ 5 +z8
u>z U
M,
Surri1 Vxssrvh wr wkh frqwudu| wkdw z8
u ?s ￿
M ?z U
M1 Iru doo s 5 +z8
u>zU
M‘ ohw
￿uM+s>{,@+ s ￿ fu,￿+{,.+ zU
u ￿ fu,+4 ￿￿,￿+{, ￿ { +8144,
Wkh ixqfwlrq ￿uM+s>{, lv wkh sur￿w ri wkh orz0txdolw| ￿up/ li lwv vshqgv { rq dgyhuwlvlqj/ vhwv
wkh ￿uvw0shulrg sulfh s/ dqg vxffhhgv lq irrolqj doo h{srvhg lqglylgxdov lq wkh ￿uvw shulrg zkhq
wkh| revhuyh +s>{,1 Qrwh wkdw ￿uM+zU
M>{, @ ￿uM+{,1
Revhuyh qh{w wkdw/ lq hyhu| VVVH/ s￿
M dqg {M pxvw vdwlvi|
￿uM+s￿
M>{ M, @ ￿uu+{6
u , +8145,
Lqghhg/ li ￿uM+s￿
M>{ M, ?￿ uu+{6





Wkhuhiruh/ hyhu| h{srvhg lqglylgxdo eholhyhv zkhq revhuylqj +s>{M, wkdw wkh txdolw| lv kljk
+vlqfh/ e| +8146,/ wkh dfwlrq +s>{M, lv lqihulru wr wkh dfwlrq +zU
u>{ 6
u, iurp wkh srlqw ri ylhz ri
wkh orz0txdolw| ￿up,1 Exw wkhq wkh kljk0txdolw| ￿up rewdlqv d kljkhu sur￿w iurp +s>{M, wkdq
iurp +s￿
M>{ M,1 Wklv frqwudglfwv wkh idfw wkdw +s￿
M>{ M, lv wkh htxloleulxp dfwlrq ri wkh kljk0
txdolw| ￿up1 Wkxv/ ￿uM+sM>{ M, ￿ ￿uu+{6
u,1 Ilqdoo|/ li ￿uM+sM>{ M, A￿ uu+{6
u,/w k h qw k h
orz0txdolw| ￿up lv ehwwhu r￿ plplfnlqj wkh kljk0txdolw| ￿up/ d frqwudglfwlrq1 Wklv hvwdeolvkhv
+8145,1
Qrz/ ohw ￿￿ @ zU
M ￿ sM A 3 dqg ￿2 @ {M ￿ {1 Zh ￿uvw vkrz wkdw 3 ￿ ￿2 ￿ { ￿ {1 Vxssrvh
wr wkh frqwudu| wkdw ￿2 ? 31 Wkhq {M ?{dqg/ khqfh/ {M 5 [ +vhh Ohppd 8,1 Doo h{srvhg
lqglylgxdov eholhyh wkdw wkh surgxfw lv ri kljk txdolw| zkhq wkh| revhuyh +zU
M>{ M,1 Wkxv/ wkh
59sur￿wv ri wkh kljk0txdolw| ￿up duh kljkhu xqghu +zU
M>{ M, wkdq xqghu +sM>{ M, +vlqfh zU
M As M,
zklfk xsvhwv wkh htxloleulxp rxwfrph1 D vlplodu dujxphqw vkrzv wkdw {M ￿ {= Wkhuhiruh
￿2 ￿ { ￿ {1 E| +8145,/
￿uM+zU





M ￿ ￿￿>{. ￿2, @ +zU
M ￿ ￿￿ ￿ fu,￿+{ . ￿2, . +zU
u ￿ fu,+4 ￿ ￿,￿+{ . ￿2, ￿+{ . ￿2,
zklfk zh fdq uhzulwh dv
￿uM+zU
M ￿ ￿￿>{.￿2, @ +zU
M ￿ ￿￿ ￿ fM,￿+{ . ￿2, . +fM ￿ fu,￿+{ . ￿2,
.+4 ￿￿,+zU
u ￿ fu,￿+{ . ￿2, ￿ +{ . ￿2,
@ +zU
M ￿ ￿￿ ￿ fM,￿+{ . ￿2, . +zU
M ￿ fM,￿+{ . ￿2, ￿ +{ . ￿2,
.^+4 ￿ ￿,+zU
u ￿ fu, . +fM ￿ fu, ￿ +zU
M ￿ fM,‘￿+{ . ￿2,
Qh{w / iru hyhu| z8
u ?s￿ zU
M/ gh￿qh
￿MM+s>{,@+ s ￿ fM,￿+{,.+ zU
M ￿ fM,￿+{, ￿ { +8148,
Wkh ixqfwlrq ￿MM+s>{, lv wkh sur￿w ri wkh kljk0txdolw| ￿up li lw fkrrvhv wkh vljqdo +s>{,/
z8
u ?s￿ zU
M/ dqg doo h{srvhg lqglylgxdov fruuhfwo| lghqwli| lwv w|sh1 Xvlqj +8148,/ zh fdq qrz
zulwh
￿uM+zU
M ￿ ￿￿>{. ￿2, @￿ MM+zU
M ￿ ￿￿>{. ￿2, . U￿ +8149,
zkhuh
U￿ @ ^+4 ￿ ￿,+zU
u ￿ fu, . +fM ￿ fu, ￿ +zU




M ￿ fu,￿+{,.+ zU
u ￿ fu,+4 ￿ ￿,￿+{, ￿ {
zklfk zh fdq zulwh dv
￿uM+zU
M>{,@+ zU
M ￿ fM,￿+{,.+ fM ￿ fu,￿+{,.+ 4￿ ￿,+zU
u ￿ fu,￿+{, ￿{
@+ zU
M ￿ fM,￿+{,.+ zU
M ￿fM,￿+{, ￿ {
.^+4 ￿ ￿,+zU







U2 @ ^+4 ￿ ￿,+zU
u ￿fu, . +fM ￿fu, ￿ +zU
M ￿ fM,‘￿+{, +814;,
E| +8147,/ ￿uM+zU
M ￿ ￿￿>{. ￿2, @￿ uM+zU
M>{,1 Wkxv e| +8149, dqg +814:,/
￿MM+zU
M ￿ ￿￿>{. ￿2, ￿ ￿MM+zU
M>{, @ U2 ￿ U￿
Zkdw uhpdlqv lv wr vkrz wkdw U2 ￿ U￿ ? 3/ zkhuh
U2 ￿ U￿ @ ^+4 ￿ ￿,+zU
u ￿ fu, . +fM ￿ fu, ￿ +zU
M ￿ fM,‘+￿+{, ￿ ￿+{ . ￿2,,
Vlqfh ￿+{, ￿ ￿+{ .￿2, ? 3/ lw lv vx!flhqw wr vkrz wkdw
+4 ￿ ￿,+zU
u ￿ fu, . +fM ￿ fu, ￿ +zU
M ￿ fM, A 3









zklfk lv wkh frqglwlrq lq Sursrvlwlrq 51
5;Fodlp 61 sM @ zU
M
Surri1 E| Fodlpv 4 dqg 5/ lw lv vx!flhqw wr uxoh rxw wkh srvvlelolw| wkdw sM ￿ z8
u1 Fohduo|/
sM @ z8
u grplqdwhv dq| sM ?z 8
u/ vlqfh dw sM @ z8
u doo h{srvhg lqglylgxdov ex| zkdwhyhu wkhlu
eholhiv duh1 Lw uhpdlqv wr uxoh rxw sM @ z8
u1 E| +D8, dqg Ohppd 8 hyhu| h{srvhg lqglylgxdo
eholhyhv wkdw wkh ￿up lv ri w|sh K zkhqhyhu wkh| revhuyh +zU
M>{, l qw k h￿ u v ws h u l r gv x f kw k d w
{ 5 [1 Wkhuhiruh +sM>{, fdq qrw eh dq VVVH vljqdo li { 5 [/ vlqfh wkh kljk0txdolw| ￿up lv
ehwwhu r￿ ghyldwlqj wr zU
M zkhuh lw fdq vwloo dwwudfw doo h{srvhg frqvxphuv1 Vxssrvh wkhuhiruh
wkdw { 5 +{>{, dqg sM @ z8
u1
Ohw ￿MM+z8
u>{, eh wkh sur￿w ri wkh kljk0txdolw| ￿up/ li lw vshqgv { rq dgyhuwlvlqj dqg vhwv
wkh ￿uvw0shulrg sulfh dw z8
u vxfk wkdw doo h{srvhg lqglylgxdov ex|1 Lw lv hdv| wr yhuli| wkdw wkh
vhfrqg0shulrg sulfh lv zU
M/ dqg doo h{srvhg lqglylgxdov ex| lq wkh vhfrqg shulrg1 Wkhq
￿MM+z8
u>{, @ +z8
u ￿ fM,￿+{, . +zU
M ￿ fM,￿+{, ￿ { +814<,
Ohw xv vkrz wkdw ￿MM+z8
u>{, ?￿ Mu+{,/ wkdw lv/ wkh lqfhqwlyh0frpsdwlelolw| frqglwlrq iru wkh
kljk0txdolw| ￿up lv ylrodwhg1 E| +814<, dqg Ohppd 7/ ￿MM+z8
u>{, ?￿ Mu+{, lv htxlydohqw wr
+z8
u ￿ fM,￿+{, .+zU
M ￿ fM,￿+{, ￿ {?+zU
u ￿ fM,￿+{,+4 ￿ ￿, . +zU
M ￿ fM,￿+{, ￿ { +8153,
+8153, fdq eh zulwwhq dv
+z8
u ￿ fM, ? +zU
u ￿ fM,+4 ￿ ￿,
Krzhyhu/ wklv iroorzv lpphgldwho| iurp +514,/ lq sduwlfxodu/ z8
u ?f M ?z U
u1 Fodlp 6 frpsohwhv
wkh surri ri Sursrvlwlrq 51
S u r r ir iO h p p d;
5<E| +D9, ￿6
u+{, kdv d xqltxh lqwhulru pd{lpl}hu/ {6




M @ dujpd{% ￿MM+{,/ zklfk vroyhv ￿￿+{,@ ￿
2E￿U
M3SM￿= E| wkh vwulfw
frqfdylw| ri ￿+{,/ wklv uhtxluhv ￿￿+{6
M, ?￿ ￿+{6















Surri ri Sursrvlwlrq 6
Zkhqhyhu {6
M A{ 6
u / wkh VFF frqglwlrq lv htxlydohqw wr wkh uhtxluhphqw wkdw ￿MM+{,￿￿uM+{,
lv lqfuhdvlqj lq {1 E| Ohppdv 5 dqg 6/
￿MM+{, ￿ ￿uM+{, @ +zU
M ￿ fM,5￿+{, ￿ { ￿ +zU
M ￿ fu,￿+{, ￿ +zU
u ￿ fu,+4 ￿ ￿,￿+{, . {
@ ^+zU
M ￿ fM, ￿ +fM ￿ fu, ￿ +4 ￿ ￿,+zU
u ￿ fu,‘￿+{,
Exw vlqfh ￿￿+{, A 3/ wkh prqrwrqlflw| uhtxluhphqw uhgxfhv wr
+zU
M ￿ fM, ￿ +fM ￿ fu, ￿ +4 ￿ ￿,+zU










Krzhyhu/ wklv uhyhuvhv wkh frqglwlrq qhhghg wr hqvxuh ￿MM+{, A￿ MM+{, +vhh Ohppd 9,/ dqg
zh frqfoxgh wkdw wkh VFF lv lqfrpsdwleoh zlwk vljqdo uhyhuvdo1
63Uhihuhqfhv
Doedhn/ V1/ dqg Ryhujddug/ S1E1/ 4<<5/ Xsvwuhdp Sulflqj dqg Dgyhuwlvlqj Vljqdo Grzqvwuhdp
Ghpdqg/ Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj| 4= 9::09<;1
Edjzhoo/ N1/ 4<<5/ Sulflqj wr Vljqdo Surgxfw Olqh Txdolw|/ Mrxuqdo ri Hfrqrplfv dqg Pdqdjh0
phqw Vwudwhj| 4= 48404:71
Edjzhoo/ N1/ dqg Udph|/ J1/ 4<;;/ Dgyhuwlvlqj dqg Olplw Sulflqj/ UDQG Mrxuqdo ri Hfrqrplfv
4<= 8<0:41
Edjzhoo/ N1/ dqg Udph|/ J1/ 4<<3/ Dgyhuwlvlqj dqg Sulflqj wr Ghwhu ru Dffrpprgdwh Hqwu|
zkhq Ghpdqg lv Xqnqrzq￿/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq ;= <604461
Edjzhoo/ N1/ dqg Ulrugdq/ P1/ 4<<4/ Kljk dqg Ghfolqlqj Sulfhv Vljqdo Surgxfw Txdolw|/ Dphulfdq
Hfrqrplf Uhylhz ;4= 557056<1
Edjzhoo/ O1V1/ dqg Ehuqkhlp/ E1G1/ 4<<9/ Yheohq H￿hfwv lq d Wkhru| ri Frqvslfxrxv Frqvxps0
wlrq/ Dphulfdq Hfrqrplf Uhylhz ;9= 67<06:61
Fdyhv/ U1H1/ dqg Juhhqh/ G1S1/ 4<<9/ Eudqgv* Txdolw| Ohyhov/ Sulfhv/ dqg Dgyhuwlvlqj Rxw0
od|v= Hpslulfdo Hylghqfh rq Vljqdov dqg Lqirupdwlrq Frvwv/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo
Rujdql}dwlrq 47= 5<0851
Fkr/ L1N1/ dqg Nuhsv/ G1P1/ 4<;:/ Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv 435= 4:<05541
Fkr/ L1N1/ dqg Vreho/ M1/ 4<<3/ Vwudwhjlf Vwdelolw| dqg Xqltxhqhvv lq Vljqdolqj Jdphv/ Mrxuqdo
ri Hfrqrplf Wkhru| 83= 6;407461
Jurvvpdq/ V1/ 4<;3/ Wkh Uroh ri Zduudqwlhv dqg Sulydwh Glvforvxuh derxw Surgxfw Txdolw|/
Mrxuqdo ri Odz dqg Hfrqrplfv 57= 79407;61
Khuw}hqgrui/ P1Q1/ 4<<6/ L*p Qrw d Kljk0Txdolw| Ilup0Exw L Sod| Rqh Rq WY/ UDQG Mrxuqdo
64ri Hfrqrplfv 57= 569057:1
Nlkovwurp/ U1/ dqg Ulrugdq/ P1K1/ 4<;7/ Dgyhuwlvlqj dv d Vljqdo/ Mrxuqdo ri Srolwlfdo Hfrqrp|
<5= 75:07831
Nrkoehuj/ H1/ 4<<3/ Uh￿qhphqw ri Qdvk Htxloleulxp= Wkh Pdlq Lghdv/ lq W1 Lfkllvkl/ D1 Qh|pdq
dqg \1 Wdxpdq +Hgv1,/ Jdph Wkhru| dqg Dssolfdwlrq/ Qhz \run/ Q\= Dfdghplf Suhvv1
Nrkoehuj/ H1/ dqg Phuwhqv/ M1I1/ 4<;9/ Rq wkh Vwudwhjlf Vwdelolw| ri Htxloleuld/ Hfrqrphwulfd
87= 43360436;1
Pdlodwk/ J1M1/ 4<;:/ Lqfhqwlyh Frpsdwlelolw| lq Vljqdolqj Jdphv zlwk d Frqwlqxxp ri W|shv/
Hfrqrphwulfd 88= 467<046981
Plojurp/ S1U1/ dqg Urehuwv/ M1/ 4<;5/ Olplw Sulflqj dqg Hqwu| Xqghu Lqfrpsohwh Lqirupdwlrq/
Hfrqrphwulfd 83= 77607931
Plojurp/ S1U1/ dqg Urehuwv/ M1/ 4<;9/ Sulfh dqg Dgyhuwlvlqj Vljqdov ri Surgxfw Txdolw|/ Mrxuqdo
ri Srolwlfdo Hfrqrp| <7= :<90;541
Qhovrq/ S1/ 4<:3/ Lqirupdwlrq dqg Frqvxphu Ehkdylru/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ :;= 6440
65<1
Qhovrq/ S1/ 4<:7/ Dgyhuwlvlqj dv Lqirupdwlrq/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;4= :5<0:871
Ru}dfk/ U dqg Wdxpdq/ \1/ 4<<9 Vljqdoolqj Uhyhuvdo/ Lqwhuqdwrqdo Hfrqrplf Uhylhz 6:= 7860
7971
Uhlqjdqxp/ M1/ dqg Zlogh/ O1/ 4<;9/ Vhwwohphqw/ Olwljdwlrq dqg wkh Doorfdwlrq ri Olwljdwlrq
Frvwv/ UDQG Mrxuqdo ri Hfrqrplfv 4:= 88:08991
Ulrugdq/ P1/ 4<;9/ Prqrsrolvwlf Frpshwlwlrq zlwk H{shulhqfh Jrrgv/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv 434= 59805:<1
Urvv/ V1D1/ 4<::/ Wkh Ghwhuplqdwlrq ri Ilqdqfldo Vwuxfwxuh= Wkh Lqfhqwlyh0Vljqdoolqj Dssurdfk/
65Ehoo Mrxuqdo ri Hfrqrplfv ;= 560731
Vdorqhu/ J1/ 4<;:/ Suhgdwlrq/ Phujhu dqg Lqfrpsohwh Lqirupdwlrq/ UDQG Mrxuqdo ri Hfrqrplfv
4;= 49804;91
Vfkpdohqvhh/ U1/ 4<:;/ D Prgho ri Dgyhuwlvlqj dqg Surgxfw Txdolw|/ Mrxuqdo ri Srolwlfdo Hfrq0
rp| ;9= 7;808361
Vshqfh/ P1/ 4<:7/ Pdunhw Vljqdoolqj / Fdpeulgjh/ PD= Kduydug Xqlyhuvlw| Suhvv1
Vwdpodqg/ W1/ 4<<</ Sduwldoo| Lqirupdwlyh Vljqdolqj/ Mrxuqdo ri Hfrqrplf Wkhru| ;<= 47;04941
66